Abstract. We give a common generalization of the Walsh system, Vilenkin system, the character system of the group of 2-adic (m-adic) integers, the product system of normalized coordinate functions for continuous irreducible unitary representations of the coordinate groups of noncommutative Vilenkin groups, the UDMD product systems (defined by F. Schipp) and some other systems. We prove that for integrable functions σ n f → f (n → ∞) a.e., where σ n f is the nth (C, 1) mean of f . (For the character system of the group of m-adic integers, this proves a more than 20 years old conjecture of M. H. Introduction and examples. Denote by N the set of natural numbers and by P the set of positive integers. Let m := (m k : k ∈ N) be a sequence of positive integers such that m k ≥ 2 for k ∈ N, and let G m k be a set of cardinality m k . Suppose that each (coordinate) set has the discrete topology and the measure µ k which maps every singleton of
G. Gát
A neighborhood base of G m can be given as follows:
I 0 (x) := G m , I n (x) := {y = (y i , i ∈ N) ∈ G m : y i = x i for i < n} for x ∈ G m , n ∈ P. Then I := {I n (x) : n ∈ N, x ∈ G m } is the set of intervals on G m .
Denote by L p (G m ) the usual Lebesgue spaces (with norms · p ) (1 ≤ p ≤ ∞), by A n the σ-algebra generated by the sets I n (x) (x ∈ G m ) and by E n the conditional expectation operator with respect to A n (n ∈ N).
The maximal Hardy space H 1 (G m ) is defined by means of the maximal function f *
is a Banach space with the norm
This definition is suitable if the sequence m is bounded. In this case H 1 (G m ) has an atomic structure (for the dyadic case (m k = 2, k ∈ N) see [21, p. 104] and for the general case see [22, p. 92 
]). A function g ∈ L ∞
(G m ) is an atom if either g = 1 or supp g ⊂ I n (x), I n (x) g dµ = 0, and g ∞ ≤ 1/µ(I n (x)) for some x ∈ G m , n ∈ N. By definition, f ∈ H(G m ) iff f = Let M 0 := 1 and M k+1 := m k M k for k ∈ N be the so-called generalized powers. Then every n ∈ N can be uniquely expressed as n = ∞ k=0 n k M k , 0 ≤ n k < m k , n k ∈ N. The sequence (n 0 , n 1 , . . .) is called the expansion of n with respect to m. We often use the following notations. Let |n| := max{k ∈ N : n k = 0} (that is, M |n| ≤ n < M |n|+1 ) and n
Next we introduce on G m an orthonormal system which we call a Vilenkin-like system.
Complex-valued functions r n k : G m → C which we call generalized Rademacher functions have the following properties:
(ii) If M k is a divisor of n and l and if n
(iv) There exists a δ > 1 for which r n k ∞ ≤ m k /δ. Define a Vilenkin-like system ψ = (ψ n : n ∈ N) as follows:
Example A (the Vilenkin and Walsh systems). Let G m k := Z m k be the m k th (2 ≤ m k ∈ N) discrete cyclic group (k ∈ N). That is, Z m k can be represented by the set {0, 1, . . . , m k − 1}, where the group operation is mod m k addition and every subset is open. The group operation (+) on G m is coordinatewise addition. G m is called a Vilenkin group. The Vilenkin group for which m k = 2 for all k ∈ N is the Walsh-Paley group. In this case let r
For the Vilenkin group with m k = 2 for all k ∈ N, we get the Walsh-Paley system. Since |r n k | = 1, (iii) and (iv) are trivial and so are (i) and (ii). For more on the Vilenkin and Walsh systems and groups see e.g. [21, 1] . 
. Then the system ψ := (ψ n : n ∈ N) is the character system of the group of m-adic (2-adic if m k = 2 for each k ∈ N) integers. Since |r n k | = 1, (i), (iii) and (iv) are trivial. (ii) is also easy to see and well known [22, p. 91] . For more on the group of m-adic integers see e.g. [9, 15, 24] . , σ ∈ Σ, is denoted by d σ and we let 
where n is of the form n =
We remark that if G m k is the discrete cyclic group of order m k , k ∈ N, then G m coincides with the Vilenkin group, and ψ is the Vilenkin system with respect to the corresponding order [8, 21, 26, 1] . In [8] it is proved that the system ψ has the properties (i)-(iii). Moreover, (iv) is satisfied because
Since m is bounded, we conclude that there exists a δ > 1 (possibly depending on the sequence m) such that (iv) holds for all n, k ∈ N. For more on this system and noncommutative Vilenkin groups see [8, 6] .
Example D (a system in number theory). Let
is a Vilenkin-like system (introduced in [7] ) which is a useful tool in the approximation theory of limit periodic, almost even arithmetical functions [7] . (i) is trivial and since |r n k | = 1, so are (iii) and (iv). It is easy to prove (ii) (see [7] ). This system (on Vilenkin groups) was a new tool for investigating limit periodic arithmetical functions. For their definition see also the book of Mauclaire [11, p. 25] .
Example E (UDMD product systems). The notion of UDMD product system was introduced by F. Schipp [20, p. 88] on the Walsh-Paley group.
. Then (i) is trivial and since |r n k | = 1, so are (iii) and (iv). The proof of (ii) is simple. Let
The system ψ := (ψ n : n ∈ N) is called an UDMD product system. For more on such systems see [19, 20] .
Example F ( universal contractive projections). The notion of universal contractive projection system (UCP) was introduced by F. Schipp [18] as follows. Let φ n : G m → C (n ∈ N) be measurable functions with |φ n | = 1 (n ∈ N) and
and k (t) are incomparable, that is, if there are no j ∈ N such that n
We prove that the system (φ n : n ∈ N) is also a Vilenkin-like system. Let
to prove that (φ n : n ∈ N) = (ψ n : n ∈ N) is a Vilenkin-like system we only need to verify (ii). We have |r
It is simple to prove that the partial sums of the Fourier series with respect to the system ψ = φ are
(G m ) we define the Fourier coefficients and partial sums by
The Dirichlet kernels are given by
It is clear that
Denote by
the Fejér (or (C, 1) ) means of the Fourier series, and by
the Fejér kernels. Then
Results and proofs
Proposition 1. Every Vilenkin-like system ψ is orthonormal.
Proof. Let n = k (n, k ∈ N). Set s := max(j ∈ N : n j = k j ). We can suppose that n > k. This implies that |n| ≥ s. Then
s ) = 0 (property (ii)), we have E 0 (ψ n ψ k ) = 0. On the other hand, for n = k,
Note that this proof of Proposition 1 was based directly on properties (i) and (ii).
The Dirichlet kernels play a prominent role in the convergence of Fourier series. The following two lemmas will be useful in this regard.
Proof. By properties (ii), (iii) we have
Let y ∈ I n+1 (x). Then by the A n+1 -measurability of r s n (n, s ∈ N), (i) and (iii) we get
Consequently, for y ∈ I n (x) we have
Proof. Suppose that y ∈ I n (x). Then y ∈ I a (x) \ I a+1 (x) for some a ∈ {0, 1, . . . , n − 1}. Lemma 2 gives
It follows that
. . .
n−1 (x) . . .
On the other hand, this expansion of D M n also shows that D M n (x, y) = M n for y ∈ I n (x). 
, and (1, 1) .
Proof. The proof is based on standard techniques of the theory of Vilenkin and Walsh systems. Lemma 3 gives
That is, S * is of type (∞, ∞). In order to prove the weak (1, 1) type we apply Lemma 4. We can suppose λ > f 1 . Since S * is sublinear, we have
We prove that
(with respect to both x and y), thus
give that y ∈ I k i (x). Consequently, y ∈ I n (x) and by Lemma 3 we have D M n (y, x) = 0. That is, B i = 0 for i ∈ P. Hence, µ(S * f > cλ) ≤ c f 1 /λ. That is, the sublinear operator S * is both of type (∞, ∞) and of weak type (1, 1) . The interpolation theorem of Marcinkiewicz [21, p. 479] shows that S * is of type (p, p) for all 1 < p ≤ ∞.
be the set of polynomials of degree less than n, and P := ∞ n=1 P n the set of all polynomials (with respect to the system ψ). Then P is dense in C(G m ) (the set of functions continuous on G m ). This can be proved in the following way. Let f ∈ C(G m ), and ε > 0. Since G m is compact, f is uniformly continuous on G m . Thus, there exists n ∈ N such that |f (x) − f (y)| < ε for all y ∈ I n (x). In view of Lemma 3 we can define the following polynomial:
(It can be supposed that there are no 
For the whole sequence of partial sums of Fourier series, the situation changes. For Vilenkin systems (also on unbounded G m groups) it is known (see e.g. [16] 
norm, and on bounded Vilenkin groups S n f → f almost everywhere (see e.g. [17] ). On the other hand, this is not the case on nonabelian Vilenkin groups. In [8, 6] it is proved that there exists a nonabelian Vilenkin group (even a bounded one) such that there exists p > 1 for which there exists an f ∈ L p (G m ) such that S n f converges to f neither in norm nor a.e. That is, the theorem of Carleson does not hold for all Vilenkin-like systems. From this point of view it seems to be more interesting that the (C, 1) means of an integrable function converge a.e. to the function. Set
and
Proof. We have
To complete the proof, proceed as in the proof of Lemma 3, with the use of Lemma 2.
Next, we give a formula for the Dirichlet kernels.
Proof. Apply Lemma 7 and the equality
Let n, t ∈ N and y ∈ I t (x) \ I t+1 (x). Then by Proposition 8,
(recall that the empty sum is zero, e.g.
Denote by K a,b := a+b−1 k=a D k the sum of Dirichlet kernels (a ∈ N, b ∈ P). Using (2) we prove
Proof. By (2) we have
If s + 1 ≤ |n|, or s = |n| and j > 0, then |k| = |n| and
It remains to discuss the case s = |n| and j = 0. Without loss of generality we can suppose δ < 2. Hence
That is,
What can be said for t < s ≤ |n|,
Lemma 10. Let s, n, t ∈ N, t < s ≤ |n| and j ∈ {0, 1, . . . , m s − 2}. Then
Proof. By (1),
We start with a bound for I t (y) |A 2 (y, x)| 2 dµ(x). It follows from (iv) that (3)
On the other hand, since r k b is A t -measurable for b < t, we have
As above, in (4),
From Lemma 9 it follows that ) was discovered by Fujii [4] . The a.e. convergence of the (C, 1) means of integrable functions with respect to the p-series fields (which is a Vilenkin group with m k = p for all k ∈ N) is due to Taibleson [25] . Later, this result was generalized to the so-called bounded Vilenkin groups with respect to the Vilenkin system by Pál and Simon [12] . Example C. Theorems 14, 15 and 16 (in this case) were proved by the author [6] . Theorem 12 and Corollary 13 can be found in [8] .
Example D. The results in this paper preceding Lemma 7 with respect to this system can be found in [7] .
Example E. Theorem 12 and Corollary 13 can be found in [19] . Schipp also proved the a.e. convergence of the Fourier series of functions in L 2 [17] .
Example F. Schipp [18] proved the a.e. convergence of the Fourier series of functions in L
2
. The (C, 1) or Fejér means have not been investigated yet.
